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Abstract 

Tile into disjoint unit squares {<S'fc}fc>o with the origin being the 
centre of Sq and say that Si and Sj are star-adjacent if they share a 
corner and plus-adjacent if they share an edge. Every square is either 
vacant or occupied. If the occupied plus-connected component O+iO) 
containing the origin is finite, it is known that the outermost bound¬ 
ary of 0^(0) is a unique cycle surrounding the origin. For the 
finite occupied star-connected component 0(0) containing the origin, 
we prove in this paper that the outermost boundary 5o is a unique 
connected graph consisting of a union of cycles Ui<i<nCi with mutu¬ 
ally disjoint interiors. Moreover, we have that each pair of cycles in dg 
share at most one vertex in common and we provide an inductive pro¬ 
cedure to obtain a circuit containing all the edges of Ui<i<nCi. This 
has applications for contour analysis of star-connected components in 
percolation. 
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1 Introduction 


Tile into disjoint unit squares {Sk}k>o with origin being the centre of So- 
We say Si and S 2 are adjacent or star-adjacent if they share a corner between 
them. We say that squares and S 2 are plus-adjacent, if they share an edge 
between them. Here we follow the notation of Penrose (2003). Suppose every 
square is assigned one of the two states: occupied or vacant. In many applica¬ 
tions like for example, percolation, it is of interest to determine the outermost 
boundary of the plus-connected or star-connected components containing the 
origin. We make formal dehnitions below. The case of plus-connected com¬ 
ponents is well studied (Bollobas and Riordan (2006), Penrose (2003)) and 
in this case, the outermost boundary is simply a cycle containing the ori¬ 
gin. Our main result is that the outermost boundary for the star-connected 
component is a connected union of cycles with disjoint interiors. 

Let 0(0) denote the star-connected occupied component containing the 
origin and throughout we assume that 0(0) is hnite. Thus if Sq is vacant 
then 0(0) = 0. Else Sq G 0(0) and if Si, S 2 G 0(0) there exists a sequence 
of distinct occupied squares (Yi, Y 2 ,..., Yt) all belonging to 0(0), such that Y* 
is adjacent to Yj+i for all i and Yi = Si and Yt = S 2 . Let Gc be the graph 
with vertex set being the set of all corners of the squares {5'^}^ in 0(0) and 
edge set consisting of the edges of the squares {5'^}^ in 0(0). 

Two vertices u and v are said to be adjacent in Gc if they share an edge 
between them. We say that an edge e in Gc is adjacent to square Sk if it is 
one of the edges of Sk- We say that e is a boundary edge if it is adjacent to a 
vacant square and is also adjacent to an occupied square. A path P in Gc is a 
sequence of distinct vertices {uo,Ui, such that Ui and Wj+i are adjacent 

for every i. A cycle G in Gc is a sequence of distinct vertices (uq, Vi ,..., Vm, Vq) 
starting and ending at the same point such that Vi is adjacent to Uj+i for all 
0 < i < m — 1 and Vm is adjacent to uq- A circuit O' in Gc is a sequence of 
vertices (tcc'it’i, ■■■,'Wr,wo) starting and ending at the same point such that 
Wi is adjacent to tCj+i for all 0 < i < r — 1, tc,, is adjacent to Wq and no edge 
is repeated in O'. Thus vertices may be repeated in circuits and for more 
related dehnitions, we refer to Chapter 1, Bollobas (2001). 

Any cycle O divides the plane into two disjoint connected regions. As 
in Bollobas and Riordan (2006), we denote the bounded region to be the 
interior of O and the unbounded region to be the exterior of G. We have the 
following dehnition. 
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Definition 1. We say that edge e in Gq is an outermost boundary edge 
of the component C(0) if the following holds true for every cycle C in Gc '■ 
either e is an edge in G or e belongs to the exterior of G. 

We define the outermost boundary do o/C(0) to be the set of all outermost 
boundary edges ofGc- 

Thus outermost boundary edges cannot be contained in the interior of 
any cycle in Gc- Our main result is the following. 

Theorem 1. Suppose G{0) is finite. The outermost boundary do of G{0) is 
a unigue set of cycles Oi, O 2 , ■■■,Gn in Gc with the following properties: 

(i) The graph Ui<i<„Oi is a connected subgraph of Gc- 

(a) If i 7 ^ j, the cycles Gi and Gj have disjoint interiors and share at most 
one vertex. 

(Hi) Every sguare Sk G 0(0) is contained in the interior of some cycle Gj. 
(iv) If e G Gj for some j, then e is a boundary edge of G{0) adjacent to an 
occupied sguare o/O(0) in the interior of Gj and also adjacent to a vacant 
sguare in the exterior. 

Moreover, there exists a circuit Gout containing every edge o/Ui<i<„Oj. 

The outermost boundary do is therefore also an Eulerian graph with Gout 
denoting the corresponding Eulerian circuit (for definitions, we refer to Chap¬ 
ter 1, Bollobas (2001)). We remark that the above result also provides a more 
detailed justification of the statement made about the outermost boundary 
and the corresponding circuit in the proof of Lemma 3 of Ganesan (2013). 
Using the above result, we also obtain the outermost circuit that is used 
to construct the top-down crossing in oriented percolation in a rectangle in 
Ganesan (2015). 

The proof of the above result also obtains the outermost boundary cy¬ 
cle in the case of plus-connected components. We recall that Si and S 2 are 
plus-adjacent if they share an edge between them. Analogous to the star- 
connected case, we define G’''( 0 ) to be the plus-connected component con¬ 
taining the origin and define the graph Gj consisting of edges and corners 
of sqnares in G’''(0). We have the following. 

Theorem 2. Suppose G~^{0) is finite. The outermost boundary d^f o/G+(0) 
is unigue cycle Gf^^ in Gfj, with the following property: 

(i) All squares of G^ifS) are contained in the interior of Gf.o,t- 

(a) Every edge in is a boundary edge adjacent to an occupied square of 

G’''(0) in the interior of Gf^^ and a vacant square in the exterior. 
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This is in contrast to star-connected components which may contain mul¬ 
tiple cycles in the outermost boundary. 

To prove Theorem [H we use the following intuitive result about merging 
cycles. Analogous to Gc, let G be the graph with vertex set being the corners 
of the squares {5'^}^ and edge set being the edges of the squares {5'^}^. 

Theorem 3. Let Gi and G 2 be cycles in G that have more than one vertex 
in common. There exists a unique cycle G 3 consisting only of edges of Gi 
and G 2 with the following properties: 

(i) the interior of G 3 contains the interior of both Gi and G 2 , 

(a) if an edge e belongs to Gi or C 2 , then either e belongs to G 3 or is contained 
in its interior. 

Moreover, if G 2 contains at least one edge in the exterior of Gi, then the 
cycle G 3 also contains an edge of G 2 that lies in the exterior of Gi. 

The above result essentially says that if two cycles intersect at more than 
one point, there is a innermost cycle containing both of them in its interior. 
We provide an iterative construction for obtaining the cycle G 3 , analogous 
to Kesten (1980) for crossings, in Section |21 

The paper is organized as follows: In Section [2l we prove Theorem [1] and 
in Section [3l we prove Theorem |2] and Theorem [3l 

2 Proof of Theorem [T] 

Proof of Theorem [3 The hrst step is to obtain large cycles surrounding each 
occupied square in (7(0). We have the following Lemma. 

Lemma 4. For every Sk G (7(0), there exists a unique cycle Dk satisfying 
the following properties: 

(a) Sk is contained in the interior of Dk, 

(b) every edge in the cycle Dk is a boundary edge adjacent to one occupied 
square of G{0) in the interior and one vacant square in the exterior and 

(c) if G is any cycle in Gc that contains Sk in the interior, then every edge 
in G either belongs to Dk or is contained in the interior. 

We denote Dk to be the outermost boundary cycle containing the 
square Sk- We prove all statements at the end. 

We claim that the set of distinct cycles in the set V := U 5 'j,gc(o){-DA:} 
is the desired outermost boundary Oq and satishes the conditions (i)-(iv) 
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mentioned in the statement of the theorem. By construction, we have that 
(iii) and (iv) are satished. To see that (ii) holds, we suppose that ^ 0^2 
and that and Dk 2 meet at more than one vertex. We know that Dk 2 is 
not completely contained in Dk^. Thus Dk 2 contains at least one edge in the 
exterior of Dk^. From Theorem [3l we obtain a cycle D '^2 containing both 
and Dk 2 in the interior and containing an edge e present in but not in 
or its interior. The cycle D [2 satishes condition (a) in Lemma H] above 
and thus contradicts the assumption that Dk^ satishes (c). Thus Dk^ and 
Dk 2 cannot meet at more than one vertex. 

Also (i) holds, because of the following reason. First we note that by 
construction Gc is connected; let Ui and U 2 be vertices in Gc- Each Uj, i = 1,2 
is a corner of an occupied square Si G C( 0 ) and by dehnition. Si and S '2 are 
star-connected via squares in C'(O). Thus there exists a path in Gc from ui 
to U 2 - 

To see that P is a connected subgraph of Gc, we let vi and V 2 be 
vertices in P that belong to cycles and 0^21 respectively, for some ri 
and r 2 - If ri = r 2 , then vi and V 2 are connected by a path in = [zi = 

Vi,Z 2 ,...,Zn,Zi). If ri 7 ^ r 2 , let P 12 = (wi = Vi,W 2 , ...,Wt-i,Wt = V 2 ) be 

a path from vi to V 2 in Gc- We iteratively construct a path Pj '2 from P 12 
using only edges of cycles in V. We hrst note that since (iii) holds, ev¬ 
ery edge in P 12 either belongs to a cycle in T> or is contained in the in¬ 
terior of some cycle in V. Let A be the hrst time P 12 leaves he., let 
ii = min{i > 1 : tCj+i belongs to exterior of Pn}- 

The edge formed by the vertices Wi^ and Wi^+i belongs to some cycle 
Psi = (a^i = Wi^,X 2 , ■■■,Xr,xi) or is contained in its interior. Since the 
cycles Pri and P^^ have disjoint interiors, this necessarily means and 
meet at Wi^. Dehning Ti = {zi = vi, Z 2 , Zj^ = tCjJ, we note that 
Ti is a path consisting only of edges in the cycle P^^ and containing the 
vertex zi = vi. Repeating the same procedure above, we obtain another 
path T 2 = {wi^ = xi, X 2 ,..., Xj 2 = Wi^) contained in P^^, where, as before, 
*2 = min{i > A + 1 : tCj+i belongs to exterior of P^i} denotes the hrst time 
P 12 leaves P^^. We continue this procedure for a hnite number of steps m, 
until we reach V 2 - By construction, the path Tj obtained at step i,2 < i < m 
is connected to The hnal union of paths Ui<i<mTi is therefore a 

connected graph containing only edges in P and contains vi and V 2 - 

It remains to see that an edge e belongs to the outermost boundary if 
and only if it belongs to some cycle in P. If e is an edge in a cycle P^ G P 
we have that e is adjacent to an occupied square S'e contained in the interior 


5 


of Dk and a vacant square S'' in the exterior. If there exists a cycle C 
in Gc that contains e in the interior, we then have that both S'g and S'' are 
contained in the interior of C. Since S'' is exterior to Dk, the cycle C contains 
at least one edge in the exterior of Dk. But if Dg denotes the outermost cycle 
containing S'e, then by the discussion in the hrst paragraph, we must have 
that Dg = Dk- And thus every edge of C either belongs to Dg or is contained 
in the interior of Dg which leads to a contradiction. 

We also see that no other edge apart from edges of cycles in D can belong 
to the outermost boundary since if ei ^ P, then ei is necessarily contained 
in the interior of some cycle Dr G D. 

Finally, to obtain the circuit we compute the cycle graph Hgyg as follows: 
let El, E 2 , ...yEn be the distinct outermost boundary cycles in V. Represent 
Ei by a vertex i in Hgyg. If Ei and Ej share a corner, we draw an edge between 
i and j. We have the following lemma. 

Lemma 5. We have that the graph Hgyg described above is a tree. 

We provide the proof of the above at the end. 

We then obtain the circuit via induction on the number of vertices n 
of Hgyg. For n = 1, it is a single cycle. Suppose we obtain the circuit 
of all cycle graphs containing at most k vertices and let Hgyg be a cy¬ 
cle graph containing k + 1 vertices. To obtain the circuit for Hgyg, we 
pick a leaf q of Hgyg and apply induction assumption on the cycle graph 
H'^y^ = Hgyg \ q. To £x a procedure, we choose q such that the correspond¬ 
ing boundary cycle Eq contains a square Sj of least index j in its interior. 
We have that H' is connected and has k vertices and thus has a circuit 

i-yi- 

Ck = (ci, C 2 ,..., c^. Cl) containing all edges of every cycle in H'^y^. Let Ck meet 
the cycle Eg = {di,d 2 , ...,di,di) at dt = Ci. We then form the new circuit 
Ck+i = {di, d 2 ,..., dt = Cl, C 2 ,..., Cr, Cl = dt, dt+i,..., di, di), which contains all 
edges of every cycle in Hgyg. m 

Proof of Lemma\^ We note that if there exists such a Dk, then it is unique 
by dehnition. Let 8 be the set of all cycles in Gc satisfying condition (a); 
i.e., if C is a cycle containing Sk in its interior then G E 8 . The set 8 is 
not empty since the cycle formed by the four edges of Sk belongs to 8 . We 
merge cycles in 8 two by two using Theorem [3] to obtain the desired cycle Dk. 
We hrst pick a cycle Ei in 8 using a fixed procedure; for example, using an 
analogous iterative procedure as described in Section 1 of Ganesan (2014) 
for choosing paths. 
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We again use the same procedure to pick a cycle F 2 in \ Fi and from 
Theorem [31 obtain a cycle F[ consisting of only edges of Fi and F 2 and 
containing both Fi and F 2 in its interior. The cycle F[ also satishes (a) and 
thus belongs to £. Therefore, if 8 has t cycles, then 81 := {8 \ {Fi, F 2 }) U F[ 
has at most t — 1 cycles; if Fi contains an edge in the exterior of F 2 and the 
cycle F 2 also contains an edge in the exterior of Fi, then 81 has t — 2 cycles. 
Else F[ is either Fi or F 2 and the set 81 therefore contains t — 1 cycles. 

By construction, every cycle in 8 is either a cycle in 81 or is contained 
in the interior of a cycle in 81 . Therefore, if 81 contains one cycle, it is the 
desired outermost boundary cycle Dk. Else we repeat the above procedure 
with 81 and obtain another set 82 containing at most t — 2 cycles and again 
with the property that every cycle in 8 is either a cycle in 82 or is contained 
in the interior of a cycle in 82 - Continuing this process, we are hnally left with 
a single cycle Cfin- By construction it satishes (a) and (c). It only remains 
to see that (b) is true. 

Suppose there exists an edge e of Cfin that is not a boundary edge. Since 
e is an edge of Gc, we then have that e is adjacent to two occupied squares 
Si and S 2 , with one of the squares, say Si, contained in the interior of Cfin 
and the other square S 2 , contained in the exterior. The cycle C 2 containing 
the four edges of the square S 2 and the cycle Cfin have the edge e in common 
and thus more than one vertex in common. Since C 2 contains at least one 
edge in the exterior of Cfin, we use Theorem [3] to obtain a larger cycle 
containing both Cfin and C 2 in the interior. The cycle contains at least 
one edge not in Cfin- But since Cfin satishes (c), this is a contradiction. Thus 
every edge e of Cfin is a boundary edge. 

By the same argument above, we also see that the edge e cannot be 
adjacent to an occupied square in the exterior of Cfin- Thus e is adjacent to 
an occupied square in the interior and a vacant square in the exterior. ■ 


Proof of Lemma\^ We already have that TTci/c is connected. It is enough to 
see that it is acyclic. Before we prove that, we make the following observation. 
Consider a path P = {ii,i 2 , ■■■Pm) in Hcyc^ We see that any vertex in Ei^ and 
any vertex in Ei^ is connected by a path consisting only of edges of the cycles 


[Ed l<k<m' 

Suppose Hcyc contains a cycle C = (ri, r 2 ,..., r^, ri). Let the boundary 
cycle = {ui,U 2 , ■■■,Um,ui) meet Er^ at ui and Er^ at Uj. We have that 
j 7 ^ 1 since three boundary cycles cannot meet at a point. This is illustrated 
in Figure 1(b) The occupied square Si belongs to and the occupied 
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(a) 


(b) 


Figure 1 : (a) Merging cycle ABCDA with the segment AEC. (b) Only two 
cycles can meet at a single point. 


square S2 belongs to It is necessary that the squares S'3 and 5*4 are 
vacant and thus cannot be on the boundary of any other cycle. 

Let Pi and P[ be the two segments of Er^ starting at ui and ending 


at Uj. Since ui G 


Er2 and uj 


G Er^, we have by the observation made in the 


hrst paragraph that there exists a path P2 from ui to uj, consisting only of 
edges in {Eri}2<i<s- This path necessarily lies in the exterior of Er^ and is 


illustrated in Figure 1 (a) Here ABCDA represents the cycle E^^^ the path 


Pi is the segment ADC and the path P[ is the segment ABC. The path P2 
is denoted by the exterior segment AEC. 

Thus it is necessary that either the cycle C12 formed by P1UP2 contains P[ 
in the interior or the cycle C'12 formed by P[ U P2 contains Pi in the interior. 
Suppose the former holds and let Sa be any occupied square in the interior 
of Er^. We know that P^i = Da is the outermost boundary cycle containing 
Sa and satisfies conditions (a), (b) and (c) mentioned in Lemma 01 The cycle 
C12 also contains Sa in the interior and thus satisfies condition (a). Moreover, 
it contains at least one edge in the exterior of contradicting the fact that 
Pr-j satishes (c). Thus Hcyc is acyclic. ■ 
















3 Proofs of Theorem [2] and Theorem [3] 


Proof of Theorem [B Let Dq be the outermost boundary cycle containing 
the square Sq as in Lemma 01 It satishes the conditions (i) and (ii) in the 
statement of the theorem and is unique and thus C^ut = Dq. ■ 


Proof of Theorem\^ If every edge of Ci is either on C2 or contained in the 
interior of C2, then the desired cycle Cq = C2- If similarly, C2 is completely 
contained in Ci, we set C3 = Ci. So we suppose that Ci contains at least 
one edge in the exterior of C2 and C2 also contains at least one edge in the 
exterior of Ci. 

We start with cycle Ci and in the hrst step, identify a path of C2 con¬ 
tained in the exterior of Ci. Set Ci^ := Ci = {uq^Ui, and C2 = 

(uoWi) •••Wm-i,'^o)- For later notation, we dehne mod t if < 0 or 

k>t and mod m if ^ < 0 or A; > m. 

Start from some vertex of say mq, and look for the hrst intersection 
point that contains an exterior edge of C2] i.e., an edge of C2 that lies in the 
exterior of Ci. Let 


ii = min{j > 0 : G Ci^ and Uj is an endvertex of an exterior edge of C2} 


and let = Uj^. We suppose that the edge of C2 with endvertices Vi^ and 
lies in the exterior of Ci. Let ri = min{i > ii + 1 : G Ci^o} be the 
next time the cycles meet and dehne Pi = 

We note that none of the vertices Vj,ii + 1 < j < ri — 1 belong to 


Ci^Q. If then Pi is a cycle containing the edges of C2 and thus 

Pi = C2- Since Ci and C2 contain more than one vertex in common, this 
cannot happen. Thus Pi is a path and all edges of Pi are in the exterior 
of Ci.c. 

We then construct an outermost cycle from Ci^ and Pi as follows. Split 
Cifi into two segments based on intersection with Pi. Suppose Pi meets Ci,o 
at Vjoa and . We let and i,...,n5^). 


If the interior of Ci q U Pi contains the interior of C"q U Pi as in Figure 1 (a) 


we set Ci^i = CJ 0 U Pi to be the cycle obtained in the hrst iteration by the 
concatenation of the paths C[q and Pi. Here is the segment ADC, the 
path C[ Q is the segment ABC and the path Pi is denoted AEC. Else neces¬ 
sarily we have that the interior of C'^q U Pi contains the interior oi C[qU Pi 
and we set Ci^i = C'iqUPi. Since Pi 7^ 0 , we have that Ci^i contains at least 
one exterior edge. 
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We then perform the same procedure as above on the cycle Ci^i and 
continue this process for a hnite number of steps to obtain the hnal cycle Ci^n- 
For each j, 1 < j < n, we have that the cycle Cij satishes the following 
properties: 

(1) the cycle Cij contains only edges from Ci and C2, 

(2) every edge of Ci either belongs to Ci^ or is contained in the interior 
of Cij, 

( 3 ) the cycle Ci^ contains at least one exterior edge of C2 and 

( 4 ) the interior of Ci is contained in Ci^. 

In particular, the above properties hold true for the final cycle Ci^n- If there 
exists an edge e of C2 in the exterior of then the edge e belongs to a 
path Pe of C2 containing edges exterior to Ci. The path must meet Ci and 
thus there exists an edge of C2 that lies in the exterior of Ci and contains an 
endvertex of Ci. But then the above procedure would not have terminated 
and thus we also have: 

( 5 ) every edge of C2 either belongs to Ci^n or is contained in the interior 
of Ci^n- 

Thus property (ii) stated in the result holds true and we need to see that 
(i) holds. For that we hrst prove uniqueness of the cycle Ci^n obtained above. 
Suppose there exists another cycle D' satisfying properties ( 1 ), ( 2 ) and ( 5 ) 
above. If D' contains an edge e' (which must necessarily belong to Ci or C2) 
in the exterior of Ci^ni h contradicts the fact that Ci^n satishes ( 2 ) and ( 5 ). 
If D' is completely contained in the interior of Ci^n and is not equal to 
then there is at least one edge of Ci^n (which belongs to Ci or C2) that lies in 
the exterior of D', contradicting the assumption that D' satishes ( 2 ) and ( 5 ). 

Thus any cycle satisfying properties ( 1 ), ( 2 ) and ( 5 ) is unique. We recall 
that Cl also contains an edge in the exterior of C2. Suppose now we start 
from 6*2,0 •= C2 and identify segments of Ci lying in the exterior of C2 and 
perform the same iterative procedure as above to obtain a hnal cycle 6*2,™• 
This cycle must also satisfy ( 1 ), ( 2 ) and ( 5 ) and hence 6*2,m = 6*1,Moreover, 
6*2,m satishes: 

( 3 ') the cycle 6*2,m contains at least one exterior edge of Ci and 
( 4 ') the interior of C2 is contained in 6*2,m- 

Thus the cycle Ci^n is unique and satishes properties (i) and (ii) stated 
in the result. ■ 
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